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It is often necessary to approximate irrational numbers with rational ones. In music theory, for instance,
we want the ratio of frequencies in moving an octave to be 2 and a fifth to be 3/2. The equal temperament
method of picking note frequencies on a piano requires us to solve an equation like 2¥ = (%)y One can
show that such an equation will not have rational solutions so the best we can do is approximate with
rational numbers. For more information about this topic, search Pianos and Continued Fractions.

We define a best rational approximation to a real number = as a rational number ¢ that is closer to =
than any rational number with equal or smaller denominator. The continued fractions process we outline
in this worksheet is a method for finding a best rational approximation of any irrational number.

Definition 1. A finite continued fraction is an expression of the form
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where ag, aq, ..., a; are natural numbers. We allow ag to be zero while a1, ..., a; are non-zero. It is also
denoted [ag, a1, . .., ak.

Problem 1. Write each of the following as a continued fraction:
(a) 5/12
(b) 5/3
(c) 33/23
(d) 37/31
Problem 2. Write each of the following continued fractions as a regular fraction in lowest terms:
(a) [2,3,2]
(b) [1,4,6,4]
(c) [2,3,2,3]
(d) [9,12,21,2]

Problem 3. Let p/q be a positive rational number in lowest terms. Perform the Euclidean algorithm to
obtain the following sequence:

P = qq+r71
q = q1r1 + 12
ryL = Qq2r2+ 73

Th—1 = qirr +1
Tk = qk+1
(We know that we will eventually get 1 as the remainder because p and ¢ are relatively prime). Prove

that p/q = [QO’QL v ,Qk+1]~
1
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Problem 4. Repeat Problem [l using the method outlined in Problem

Definition 2. Continued fractions don’t always have to be finite. An infinite continued fraction is an
expression of the form
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where ag, a1, ag, ... are natural numbers. To prove that this expression actually makes sense and equals a
finite number is beyond the scope of this worksheet, so we assume it for now. This is denoted [ag, a1, a2, .. .].
Infinite continued fractions always represent irrational numbers, and every irrational number has an
expression as a continued fraction. Unfortunately, these claims are also beyond the scope of the worksheet.

Problem 5. Using a calculator, compute the first five terms of the continued fraction expansion of the
following numbers:

(a) V2
(b) 7 (=~ 3.14159...)

(c) V5
(d) e (~2.71828...)

Do you notice any patterns?

Problem 6. Let a be a positive real number. Prove that a can be written as a finite continued fraction
if and only if « is rational. (Hint: For one of the directions, use Problem [3])

Definition 3. The continued fraction [ag, a1, as,...] is periodic if it is of the form
[CL(), ceey Qs Qry 1y e oo Qrgps Arg 1y - o5 Qrgps Apg 1y - -5 Qe - - ]
In this case it is denoted [ag, ..., ar, G 1, -, Grip)-
Example 1. (a) [1,2,2,2,...] = [1,2] is periodic.
(b) [1,2,3,4,5,...] is not periodic.

,3,4,3,4,3,...] =[1,3,7,6,4, 3] is periodic.
6,...] is not periodic.

Problem 7. (a) Prove that v/2 = [1,2].
(b) Prove that /5 = [2,4].
a+vb

Problem 8. Express the following continued fractions in the form =

(a) [1]
(b) [2,5]
(¢) [1,3,2]

where a, b, and ¢ are integers:

Problem 9. Prove that a number is rational if and only if it is a root of a degree one polynomial equation
with integer coefficients.

Problem 10. Prove that an irrational number is of the form %\/B for integers a, b not a perfect square,
and ¢ # 0 if and only if it is a root of a degree two polynomial equation with integer coefficients.

Definition 4. A quadratic irrational is an irrational number that is a solution to a quadratic equation
Ax? + Bx + C = 0 for integers A # 0, B, and C.

We show in Problem that quadratic irrationals are numbers of the form %‘/5 where a,b,c are
integers and b is not a perfect square. They are the “simplest” irrational numbers in the following sense.
A number is rational if and only if it is the solution to a degree one polynomial equation by Problem [9]
Quadratic irrationals are solutions to degree two polynomial equations.



Problem 11 (Challenge). We will show that a periodic continued fraction is a quadratic irrational.

(a) Prove that ag + — can be written in the form gx—*b for some integers a, b, ¢, and d.

I z+d
ap+3

(b) Prove that a purely periodic continued fraction [ag, .-, ax] is a quadratic irrational.
(c) Prove, by induction, that [by,...,bm, a0, -, ax) is a quadratic irrational.
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One can also prove that a quadratic irrational can always be written as a periodic continued fraction.
The results of this worksheet provide a very clean characterization of continued fraction expansions:
(a) « is a rational number if and only if it has a finite continued fraction expansion.
(b) « is a quadratic irrational number if and only if it has an infinite periodic continued fraction
expansion.



